The topological B-model with target the supertwistor space | | | CP 3|4 is known to describe perturbative amplitudes of N = 4 Super Yang-Mills theory. We review the extension of this correspondence to the superconformal gauge theories that arise as marginal deformations of N = 4 by considering the effects of turning on a certain closed string background, which results in non-anticommutativity in the fermionic directions of
Witten's original formulation of twistor string theory [1] relates the perturbative expansion of N = 4 Super Yang-Mills theory to the D-instanton expansion of the topological B-model on supertwistor space
3|4 . The motivation for this reformulation was the fact that certain Yang-Mills amplitudes are much simpler than one would expect from the properties of the individual Feynman diagrams they are composed of. Witten's proposal led to the development of very efficient calculational tools for scattering amplitudes in gauge theories, some aspects of which are summarised in the review papers [2, 3] .
The starting point for the gauge theory/twistor string correspondence is the fact that gauge theory tree amplitudes take a particularly simple form when written in a basis where the helicities of the external particles are fixed. For instance, the maximally helicity violating (MHV) n-point amplitude with n − 2 positive helicity and 2 negative helicity gluons is proportional to the subamplitude
where the negative helicity gluons are labeled by n − 1 and n. Here we have decomposed the momenta of the incoming particles in terms of commuting spinors λ, λ as p αα = λ α λα and defined the holomorphic inner product ij = ǫ αβ λ α i λ β j . To recover the full amplitude for this process we have to add a colour trace for each cyclic ordering and sum over all subamplitudes, and also incorporate a momentum conservation delta function which we have suppressed.
The crucial property of (1) is the holomorphic dependence on the spinors λ i . As discussed in [1] , this implies that MHV amplitudes are supported on genus zero, degree one curves on twistor space, which is a copy of | | | CP 3 defined by the homogeneous coordinates (λ α , µα), where the µα are related to λα as
Non-MHV amplitudes with q negative helicity gluons were similarly shown to be supported on curves of degree q − 1 in twistor space.
In [1] 
and the model is actually not defined on the whole of | | | CP 3|4 , but on a "D5-brane" which fills the whole of the bosonic part but lies on the locusψĀ = 0. Thus the A are superfields which depend only on the holomorphic coordinates ψ A , and can be expanded in components as:
In this expansion we have split the fermionic coordinates as ψ 0 = ξ, ψ I = ψ A for A = 1, 2, 3 so that we make evident only an SU(3) × U(1) out of the SU(4) symmetry. This will prove convenient for the discussion of N = 1 theories later on. The component fields (A, λ, χ I , φ I , φ I , χ K , λ, G) live on | | | CP 3 and are mapped through the Penrose transform to four dimensional fields of helicities (1,
, which we can combine into a vector multiplet (A, λ, λ, G) and three chiral multiplets Φ I = (χ I , φ I ) (and their conjugatesΦ I = ( φ I , χ I )), which is the field content of N = 4 SYM. Having established the equivalence of the spectrum, we can now look at the interactions encoded in the action (3) and find that after transforming to four dimensions they actually correspond to those of self-dual N = 4 SYM rather than of the full theory.
So at first it seems that the B-model can reproduce only the self-dual part of Yang-Mills amplitudes. However, building on work by Nair [4] , Witten showed that the full N = 4 amplitudes do arise, but as nonperturbative effects, through D1-instantons [1] . For the MHV case, these wrap holomorphic degree one, genus zero curves in | | | CP 3|4 whose embedding is given by
Thus the curves in twistor space on which the amplitudes are supported are now seen to correspond to D1-instantons of the B-model on | | | CP 3|4 . To get a covariant answer we have to integrate over the moduli space given by the choices of (x, θ). We are led to the following prescription for MHV amplitudes:
where the Js are currents living on the brane worldvolume whose OPEs will lead to the denominator of the MHV amplitude and the w i s are the coefficients of each field in the superfield expansion (4) and will give the momenta in the numerator of (1). To integrate over the fermionic coordinates one uses (5) to express (ξ, ψ I ) in terms of the θs. In trying to go beyond the case of N = 4 SYM, it is natural to look for an extension to cases with less supersymmetry, or that lack conformal invariance. It was quickly understood that the method of Cachazo, Svrček and Witten [5] for calculating non-MHV diagrams based on MHV vertices applies not just to N = 4 but to a far more general class of theories. Although the methods that have since been developed for these computations are extremely efficient (see e.g. [3] for a review and references), in the process their relationship to string theory has become somewhat more vague. This is especially evident in the extension to loop amplitudes, where although it is relatively straightforward to find a CSW-type prescription on the field theory side [6] , so far a clean prescription from the string theory side has not been found. Thus it is important to search for field theories that can be described by twistor strings at the same level of detail as the N = 4 theory.
At this point it is useful to recall that N = 4 SYM is actually just a line in a dim C = 3 moduli space of finite, N = 1 conformal field theories. Leigh and Strassler [7] gave an all-orders proof of the conformal invariance of these theories, which can be reached from N = 4 SYM through marginal deformations. The full superpotential is given by
The
is recovered by setting κ = 1, β = ρ = 0. Expanding (7) to first order in β and ρ (it can be shown that κ = 1 to this order), we have
where we have been more general and introduced the tensor h IJK which is totally symmetric in its indices, and thus lies in the 10 of SU (3).
Classically this superpotential describes marginal deformations of the N = 4 lagrangian for any value of h IJK . However asking for exactly marginal deformations requires that we make a very particular choice of h IJK , i.e. we need to take the nonzero components to be a linear combination of (a) h 123 = β, and
thus recovering (7), expanded to first order. Given that the Leigh-Strassler deformed theories are conformal and just as finite as N = 4 SYM is, it is natural to ask whether their perturbative amplitudes might also be described by the B-model on some Calabi-Yau manifold. This was investigated in [8] and will be reviewed in the following.
To start discussing this problem, we have to rewrite the action derived from the above superpotential in a form suited to expanding around the self-dual sector of the theory. This is done by writing the Yang-Mills action in first-order form (introducing an antiselfdual two-form G) and performing helicity-dependent rescalings of the fields, after which the component lagrangian takes the form:
In this lagrangian the terms having no coupling constant dependence are naturally associated by supersymmetry with the self-dual part part GF of the Yang-Mills amplitude, while the terms appearing at order g 2 complete the non-self dual interactions of the deformed N = 4 SYM. We can now take the coupling constant g → 0, to recover the action of self-dual N = 4 plus an additional term which only preserves N = 1 supersymmetry. We see that it is proportional to
So if there indeed exists a generalisation of the B-model side to describe the Leigh-Strassler theories, we would expect that one can similarly deform the holomorphic Chern-Simons action (3) by adding a term that is related to the above through the Penrose transform. Roughly, we would expect this six-dimensional term to look like
So we learn that we need to look for a deformation of the cubic term in the B-model open string field theory. Recalling that the original cubic term comes from a disk diagram with three open string insertions, an obvious way to deform it is to introduce a closed string background leading to an expansion in insertions of closed string vertex operators in the bulk of the disk. Schematically, the picture we obtain is given in Fig. 1 . In Fig. 1 we have fixed the three open string vertex operators at some positions p 1 , p 2 , p 3 on the boundary of the disk, leaving the positions of the closed string vertex operators as moduli to be integrated over the disk. Accordingly, we have inserted not the closed string vertex operator itself, but rather its second-order descendant V (2) (see [8] for more details). However, it turns out that it is easier to calculate the correlation function at O(V ) by instead fixing the position of the closed string insertion and integrating over two of the open string insertion positions on the boundary, where we now have to insert open string descendants A (1) . To do this we make use of the equality
which was shown in [9, 10] .
To proceed, we have to be more specific about the background V we would like to turn on. First of all, BRST invariance strongly restricts the form of V . Furthermore, it is clear that since spacetime conformal invariance (which we want to preserve) is linked to the symmetries of twistor space | | | CP 3 , we cannot introduce a background that deforms this space. To avoid deforming | | | CP 3 , we thus choose V to lie along and depend on only the fermionic directions of | | | CP 3|4 . Given also that we want to preserve an N = 1 out of the original N = 4, we split the four fermionic directions in an SU(3) × U(1) invariant way as as we did in (4), and choose V to lie along the ψ I . Finally, guided by the specific form of the marginal deformation we want to reproduce, we pick a very particular dependence on the ψ I 's, to finally obtain
and h IJK is the same symmetric SU(3) tensor that appears in (8) . The ϑ I are B-model worldsheet fields of ghost number one that can be used to construct physical vertex operators. They are fermions in the usual case of a bosonic target space, but in this supermanifold case they can be bosonic if they are along the odd directions, which is precisely what happens here. Thus we see why the upper indices in V IJ KL have to be symmetric. The vertex operator V can be shown to be in the BRST cohomology of the B-model on | | | CP
3|4
and is thus a good operator to deform our theory with. Calculating the first-order effect of this background on the component action, we eventually find [8] 
The term proportional to h IJK in (15) is exactly the term we would expect to arise in the twistor string dual to the self-dual part of the marginally deformed theory. To obtain a more geometric understanding of the deformation, we notice that we can account for the additional term by introducing non-anticommutativity between the three ψ I coordinates of | | | CP 3|4 , while keeping the ξ coordinate anticommuting as before. Thus we assume the following nontrivial non-anticommutation relation, with all other coordinates commuting or anticommuting as usual:
and define a corresponding star product between superfields:
It can be shown that, despite the coordinate dependence of the non-anticommutativity parameter, this star product is associative when h IJK is totally symmetric, as we have assumed to be the case. Also, exactly because it depends on the fermionic coordinates, all higher order terms vanish so the star product is exact. Equivalently, the term in Fig. 1 
of order O(V
2 ) vanishes when V is of the form (14), as do all higher order terms.
Using the star product, we can now rewrite our deformation of holomorphic Chern-Simons in terms of the superfield A in a very simple way:
The * is now defined to also encompass the usual open string field theory star product, which in this case is just ∧. Expanding this action in components according to (4) (where the ψs within each superfield are normal ordered because of the ǫ IJK s that appear, and thus we need not introduce star products among them) and integrating over ξ, ψ I we recover the component action (15). To summarise the discussion so far, we have found how to deform the holomorphic Chern-Simons action to account for the extra vertex in the self-dual Leigh-Strassler theory relative to self-dual N = 4 SYM. The deformation involved turning on a closed string background in the fermionic directions of
3|4 , which we interpreted as a non-anticommutative deformation. However our original goal was to calculate amplitudes in the full, non-self dual Leigh-Strassler theories, and it is easy to see that to achieve that we need to do something more. First, looking at the amplitude prescription (6) we see that we will have to decide how to multiply wavefunctions at different points. So we will have to generalise (17) to account for different coordinates ψ (10) contains also the conjugate tensor h IJK , which has not appeared on the string side so far. Since the amplitude prescription was motivated by considerations of D1-branes, understanding the appearance of h IJK at a fundamental level would probably require a better understanding of D1-brane interactions with the background than is available at the moment. So we will take a practical approach, and simply modify the star product (17) to incorporate h IJK in the most obvious way. We thus define
where ψ 1 and ψ 2 are the fermionic coordinates of two different wavefunctions, and the tensor V IJ KL is defined to be
Using this new star product, we can generalise the prescription (6) for calculating amplitudes in the obvious way (we now ignore the bosonic integration which is exactly as before):
We will now show, through a few simple examples, that this modification of Witten's prescription does indeed generate amplitudes in the marginally deformed theories. It is crucial to note, however, that the new product (19) is no longer associative starting at second order in the deformation parameters, and thus the amplitudes we calculate are only expected to match with field theory ones at linear order. Determining the higher orders in the star product in order to regain associativity should allow us to calculate amplitudes beyond linear order. This is currently work in progress.
As a first example we can take the four-gluon MHV amplitude A 1 A 2 G 3 G 4 , with w(A) = 1 and (4)). Then the only nontrivial star product in (21) is between w 3 and w 4 , of the form (ψ 3 ψ 3 ψ 3 ) * (ψ 4 ψ 4 ψ 4 ). Calculating this product and integrating over the fermionic coordinates (using the fermionic part of the embedding equation (5) to relate the ψs with the θ coordinates that we need to integrate over) leaves us with the result
12 23 34 41 .
It might seem that this amplitude will have a contribution at O(V), but working out the various contractions we find that it will actually have to be of the form V KM KM which vanishes because of the symmetry properties of V (20). We conclude that the all-gluon amplitude is independent of the deformation which matches our field theory expectations since (at tree level) this amplitude contains no vertices coming from the superpotential and thus is the same in N = 4 SYM and the deformed theory.
As our second and final example we take the amplitude (χ I χ J χ K χ L ) which will clearly be affected by the deformation. This amplitude is also interesting because it is the sum of two Feynman diagrams: Fig. 2 The two Feynman diagrams that contribute to tree-level (χχ χ χ) scattering.
The first channel ((a) in Fig.2 ) is via scalar exchange, while the second one contains only vertices involving gluons and thus should be unaffected by the marginal deformation. Our amplitude prescription gives
Calculating the star product ψ * ψ * (ψψ) * (ψψ) and integrating over superspace, we find that the answer at O(V ) is a sum of two terms:
Inspection of the momentum factors reveals that the term with the h, h dependence indeed corresponds to the first Feynman diagram in Fig.2 , while the other term (corresponding to case (b) in Fig.2 ) does not receive any corrections, in line with our field theory expectations. More examples of low-point amplitudes can be found in [8] and all agree with Feynman diagram calculations in the Leigh-Strassler theories. Note also that since positive helicity gluons have no ψ dependence, we can add any number of them to obtain an n-point amplitude without introducing new star products. Furthermore, although we have exclusively discussed MHV amplitudes, we do not expect any difficulty in extending (21) to the non-MHV case.
In conclusion, we have shown that the twistor string formalism can very naturally describe the LeighStrassler deformations of the N = 4 theory simply by considering the B-model on a non-anticommutative version of supertwistor space | | | CP 3|4 . There are several aspects that need to be explored further, with the main open issue being understanding the higher orders in the star product (19). This understanding will hopefully lead to a full (i.e. not only at first order in the deformation parameters) reformulation of the marginal deformations of N = 4 SYM at tree level as a twistor string theory.
Assuming this, our results [8] , combined with those of [11, 12] which considered the twistor string dual of superconformal quiver gauge theories, give us confidence that the B-model formalism is powerful enough to potentially describe any finite four-dimensional gauge theory. However, one still needs to develop more intuition on how to extend the formalism to non-conformal cases (for recent progress in that direction, see [13, 14] ), which would be necessary to obtain a more precise understanding of, for instance, the CSW method from twistor strings than what is available at the moment. We believe that the work reviewed here is a step towards that goal.
